An exact solutions of the couple gravitational and electromagnetic fields in the tetrad theory of gravitation are derived. The solutions are characterized by three parameters M, Q and a and they give the Schwarzschild, Reissner-Nordström, Kerr and Kerr-Newman spacetimes respectively. The parallel vector fields of Kerr and Kerr-Newman spacetimes and the electromagnetic vector potential of Kerr-Newman spacetime are axially symmetric. We then, calculate the total exterior energy associated with the Kerr-Newman black hole using the energy-momentum density given by Møller in the framework of the Weitzenböck spacetime. The energy of the Kerr-Newman contained in a sphere is found to be shared by its interior as well as exterior. Switching off the charge parameter (i.e., Q = 0) one finds that no energy is shared by the exterior of the Kerr-Newman black hole. The components of the momentum density in Kerr-Newman black hole are also calculated and then are used to evaluate the angular momentum distribution. The only non-vanishing components of the angular momentum is in the Z direction which is consistence with the structure of the KerrNewman solution that describe the exterior field of a charged object rotating about the Z axis. Switching off the charge parameter one finds that no angular momentum is contribute to the exterior of the Kerr-Newman black hole.
Introduction
Møller modified general relativity by constructing a new field theory in Weitzenböck spacetime [1] . The aim of this theory was to overcome the problem of energy-momentum complex that appears in the Riemannian space [2] . The field equations in this new theory were derived from a Lagrangian which is not invariant under local tetrad rotation. Sáez [3] generalized Møller theory into a scalar tetrad theory of gravitation. Meyer [4] showed that Møller theory is a special case of Poincaré gauge theory [5, 6] .
The tetrad theory of gravitation based on the geometry of absolute parallelism [7] ∼ [14] can be considered as the closest alternative to general relativity, and it has a number of attractive features both from the geometrical and physical viewpoints. Absolute parallelism is naturally formulated by gauging spacetime translations and underlain by the Weitzenböck spacetime, which is characterized by the metricity condition and by the vanishing of the curvature tensor (constructed from the connection of the Weitzenböck spacetime). Translations are closely related to the group of general coordinate transformations which underlies general relativity. Therefore, the energy-momentum tensor represents the matter source in the field equation for the gravitational field just like in general relativity.
The tetrad formulation of gravitation was considered by Møller in connection with attempts to define the energy of gravitational field [1, 15] . For a satisfactory description of the total energy of an isolated system it is necessary that the energy-density of the gravitational field is given in terms of first-and/or second-order derivatives of the gravitational field variables. It is well-known that there exists no covariant, nontrivial expression constructed out of the metric tensor. However, covariant expressions that contain a quadratic form of first-order derivatives of the tetrad field are feasible. Thus it is legitimate to conjecture that the difficulties regarding the problem of defining the gravitational energy-momentum are related to the geometrical description of the gravitational field rather than are an intrinsic drawback of the theory [16, 17] .
It is the aim of the present work to derive different solutions in the tetrad theory of gravitation for the coupled gravitational and electromagnetic fields. We obtain classes of exact analytic solutions that their associated metric give Schwarzschild, Reissner-Nordström, Kerr and Kerr-Newman spacetimes respectively. Using the solution that its associated metric gives the Kerr-Newman black hole we then, calculate the energy using the energy-momentum density given by Møller [1] and Mikhail et.al [18] . The formula of the calculated energy is found to be shared by its interior as well as exterior and depend on the three parameters that characterize Kerr-Newman solution (i.e., M, Q and a). Switching off the charge parameter Q (i.e., Q = 0) one finds that the energy will give the correct formula of the Schwarzschild or the Kerr black hole. On the other hand, if the rotation parameter a = 0 then the formula of the calculated energy will coincide with that of the Reissner-Nordström black hole. Since Kerr-Newman spacetime describes the exterior field of a rotating charged object therefore, there is an angular momentum distribution due to the presence of the electromagnetic field which we have evaluated.
In §2 we derive the field equations of the coupled gravitational and electromagnetic fields. In §3 we first apply the tetrad field with sixteen unknown functions of ρ and φ to the derived field equations. Solving the resulting partial differential equations, we obtain four exact analytic solutions the first one is characterized by one parameter M which is related to the gravitational mass, while the second solution is characterized by two parameters M and Q which is the charge parameter, the third one is characterized also by two parameters M and a which is related to the angular momentum of the rotating source. The fourth solution is characterized by three parameters M, Q and a. In §4 we calculate the energy and angular momentum distribution of the Kerr-Newman spacetime till the fourth order. The final section is devoted to discussion and conclusion.
The tetrad theory of gravitation and electromagnetism
In the Weitzenböck spacetime the fundamental field variables describing gravity are a quadruplet of parallel vector fields [5] b i µ * , which we call the tetrad field in this paper, characterized by
where Γ µ λν define the nonsymmetric affine connection coefficients. The metric tensor g µν is given by
with the Minkowski metric η ij = diag(+1 , −1 , −1 , −1) † . Equation (1) leads to the metricity condition and the identically vanishing of curvature tensor.
The gravitational Lagrangian L G is an invariant constructed from g µν and the contorsion tensor γ µνρ given by
where the semicolon denotes covariant differentiation with respect to Christoffel symbols. The most general gravitational Lagrangian density invariant under parity operation is given by the form [5, 8, 18 ]
with g = det(g µν ) and Φ µ being the basic vector field defined by
Here α 1 , α 2 , and α 3 are constants determined such that the theory coincides with general relativity in the weak fields [1, 8] :
where κ is the Einstein constant and λ is a free dimensionless parameter ‡ .
The electromagnetic Lagrangian density L e.m. is [12] 
with F µν being given by
where A µ is the vector potential.
The gravitational and electromagnetic field equations for the system described by L G + L e.m. are the following:
with G µν being the Einstein tensor of general relativity. Here H µν and K µν are defined by
and
and they are symmetric and antisymmetric tensors, respectively. The energy-momentum tensor T µν is given by
Exact Analytic Solutions
Let us begin with the tetrad field which can be written in the spherical polar coordinates as
‡ Throughout this paper we use the relativistic units , c = G = 1 and κ = 8π. § Heaviside-Lorentz rationalized units will be used.
where
are unknown functions of ρ and φ. Applying (13) to the field equations (7)∼(9) one can obtains a set of nonlinear partial differential equations. Due to the lengthy of writing these partial differential equations we will just write the solutions that satisfy these differential equations.
The First Solution
If the arbitrary functions take the following values
This solution satisfy the field equations (7)∼ (9) and the associated metric has the following form
which is the Schwarzschild spacetime in the standard form.
The Second Solution
The form of the antisymmetric electromagnetic tensor field F µν and the energy-momentum tensor are given by
This solution satisfy the field equations (7)∼(9) and the associated metric has the following form
which is the Reissner-Nordström spacetime.
The Third Solution
where Ω, Υ, α, β and Φ are defined by
and a is the angular momentum of the rotating source [11, 12] . This solution satisfy the field equations (7)∼(9) and the associated metric has the following form
which is the Kerr spacetime.
The Fourth Solution
where Υ KN is defined by
The parallel vector fields (13) using the solution (19) and (22) are axially symmetric in the sense that they are form invariant under the transformation
which is the Kerr-Newman spacetime.
The previously obtained solutions given by (14) , (16) and (19) can be generated as special cases of the solution (22) . Therefore, we are interested in this solution (22) to calculate its associated exterior energy and its angular momentum using the definition of the energymomentum complex given by Møller [1] within the framework of Weitzenböck spacetime.
For this purpose we will transform the tetrad (13) using solution (22) into the Cartesian form.
Performing the following coordinate transformation [12] 
to the tetrad (13) one can obtains *
and the ǫ αβγ are the three dimensional totally antisymmetric tensor with ǫ 123 = 1.
Energy and angular momentum associated with Kerr-Newman spacetime
The superpotential is given by [1, 18] U µ νλ = (−g)
where P χρσ τ νλ is
(33) * We will denote the symmetric part by ( ), for example , A (µν) = (1/2)(A µν +A νµ ) and the antisymmetric part by the square bracket [ ],
with g ρσ νλ being a tensor defined by
The energy-momentum density is defined by [1] 
where comma denotes ordinary differentiation. The energy E contained in a sphere with radius R is expressed by the volume integral [19] E(R) =
For convenience of the calculations, we work for small values of the rotation parameter a, so we will neglect the terms beyond its fourth order. With this approximation, we have the covariant components of the parallel vector fields (30) as
and the contravariant components of the parallel vector fields (30) have the form
Also with this approximation the covariant components of the metric tensor have the form
and the contravariant components of the metric tensor have the form
Since we are interested in evaluating the energy and momentum density associated with the exterior Kerr-Newman black hole we evaluate all the required components of the superpotential (32) neglecting terms beyond the fourth order of a. Substituting (39), (40) and all components of the contorsion and basic vector in (32) one gets
Further substituting (44) in (36) and then transforming it into spherical polar coordinate one obtains
Performing the above integration one gets the energy associated with the exterior KerrNewman black hole in the form
Now we turn our attention to the angular momentum of the Kerr-Newman black hole. From (44) one can gets the components of the momentum density in the form
from which one can shows that there is no momentum-density associated with Kerr black hole. The components of the angular momentum of a general-relativistic system is given by [20] 
where α, β, γ take cyclic values 1,2,3. Using (47) in (48), transforming the expressions into spherical polar coordinates
performing the above integration one gets
Main results and discussion
In this paper we have studied the coupled equations of the gravitational and electromagnetic fields in the tetrad theory of gravitation, applying the most general tetrad (13) with sixteen unknown function of ρ and φ to the field equations (7)∼(9). Exact analytic solutions are obtained ( (14), (16) , (19) and (22)). Solution (22) is a general solution from which one can generates the other solutions ( (14), (16) and (19)). The metric tensor associated with solutions ( (14), (16), (19) and (22)) are Schwarzschild, Reissner-Nordström, Kerr and Kerr-Newman respectively.
It was shown by Møller [21] that the tetrad description of the gravitational field allows a more satisfactory treatment of the energy-momentum complex than does general relativity. Therefore, we have used the superpotential (32) to calculate the energy-momentum density (35) from which one can evaluates the total exterior energy of the gravitating charged rotating body described by the solution (22) . Because the definition of energy (36) requires its evaluation in Cartesian coordinate, the calculations without any approximation is obviously very lengthy. Moreover the intrinsic rotation parameter a is quantitatively very small for most physical situations and so for our convenience we keep terms containing powers of a up to the fourth order, (i.e., a 4 ). With this approximation we have calculated the components of a covariant and contravariant tetrad fields (37) and (38), a covariant and contravariant components of metric tensor (39) and (40). Calculating all the necessary components of the contorsion and basic vector ( (2) and (4)) and using (39) and (40) in (36) we have obtained the expression of the exterior energy of Kerr-Newman black hole till the fourth order. When rotation as well as charge parameters both are considered we get an additional
10R 4 which is the energy of the exterior magnetic field due to the rotation of the charged object. The asymptotic value of the total gravitational mass of a Kerr-Newman black hole is the Schwarzschild mass and therefore, the energy associated with a Kerr-Newman contained in a sphere of radius R is
Switching off the rotation parameter, (i.e., a = 0) the energy associated will be the same as that of Reissner-Nordström metric [22, 23] . Setting the charge parameter Q to be equal zero i.e., in the case of a Kerr black hole, it is clear from the expression (51) that there is no energy contained by the exterior of the Kerr black hole and hence the entire energy is confined to its interior only.
Using (44) we have calculated the momentum density neglecting terms beyond the fourth order. Substituting (47) in (48) we have calculated the angular momentum distribution due to the electromagnetic field present in the Kerr-Newman field, which as is clear from (50) that it depends mainly on the rotation of the charged object. We got only the Z component of the angular momentum which is consistence with the structure of the Kerr-Newman solution that describe the exterior field of a charged object rotating about the Z axis. As is clear from (50) that the angular momentum depends on the even powers of the charge parameter and odd powers of the rotation parameter which means that the direction of the angular momentum vector depends on the direction of the rotation parameter.
Kawai et. al. [12] assuming the tetrad fields to have the form
and η µν l µ l ν = 0, η µν m µ m ν = 0, η µν l µ m ν = 0,
were able to obtain a charged Kerr metric solution in new general relativity. In extended new general relativity also Kawai et. al. [24] have examined axi-symmetric solutions of the gravitational and electromagnetic field equations in vacuum from the point of view of the equivalence principle.
Virbhadra [25, 26] (in the framework of general relativity) using Tolman, Landau and Lifshitz, Einstein as well as Møller's definitions has evaluated the energy distribution in KerrNewman spacetime up to the third order of the rotation parameter a. He found that the first three definitions gave the same results of the energy, but the fourth one gave result different from the other three definitions. Cooperstock et al. have done the same calculation beyond the seventh order of a [27] . Nahmad-Achar and Schutz, however, generalizing method given by Persides [28] , found that the total energy associated with Kerr spacetime is shared by its interior as well as exterior of the Kerr black hole. Our calculations of energy is the same as that obtained by Virbhadra and Cooperstock. Also Virbhadra [20] calculated the angular momentum distribution of the Kerr-Newman using the Landau and Lifshitz pseudotensor. The result given by (50) of the angular momentum distribution is consistence with that given before [20] . Ahmed et al. [29] calculated the energy distribution in a general spacetime which include all the physically interesting spacetimes such as the black hole spacetimes as well as the NUT spacetime.
